In this paper we describe all the possibilities for symmetry breaking transformations in monoatomic 2-lattices (crystal structures with two identical points in their unit translational cell). This is done by establishing the symmetry hierarchies (partial ordering) for the arithmetic classes of symmetry groups of these crystals (Fig. 1) . We also study the 'Ericksen-Pitteri neighbourhoods' for them, thus making a local analysis of their configuration space. We give details about two physically relevant cases, analysing the neighbourhoods and the possible symmetry-breaking mechanisms for the diamond and the hexagonal close-packed structures (Figs. 2 and 3 ).
Introduction
A general theory for the investigation of the arithmetic symmetry of crystalline lattices has been proposed in [25, 26] , based on earlier work [6, 22, 24] on crystal symmetry and the invariance of their constitutive equations. This approach, summarised in § §2-3, has been applied in [14, 15] to obtain a systematic classification of the distinct arithmetic crystalline types in the two simplest cases, that is, for the two-and three-dimensional lattices with two identical atoms in their unit cells (called respectively the 'monoatomic 2-nets' and 'monoatomic 2-lattices' 1 ).
In this paper we continue the investigation of monoatomic 2-lattices begun in [15] , giving all their symmetry hierarchies, and describing, as a consequence, all the ways in which these structures can undergo symmetrybreaking transformations. 2 
2-lattices
A 2-lattice is an infinite and discrete subset M of points in the affine space A 3 , coinciding with the union of two 'affine simple lattices' (1-lattices):
Here O is the origin of A 3 , L(e a ) denotes a (linear) simple lattice in the translation space R 3 of A 3 , generated by the basis e a , (a = 1, 2, 3):
L(e a ) is called the skeletal lattice of M. The vector p = p a e a , a = 1, 2, 3 in (1) is called the 'shift' of M: it gives the separation of the two simple lattices constituting M. The vectors (e 1 , e 2 , e 3 , p) are called the descriptors of M; they must satisfy the conditions: e 1 · e 2 × e 3 = 0 and p = l a e a , for l a ∈ Z, a = 1, 2, 3.
Where convenient, we denote the above vectors by ε σ , σ = 1, 2, 3, 4:
ε a = e a , a = 1, 2, 3, and ε 4 = p.
In this paper we only consider monoatomic 2-lattices, whose points are all physically indistinguishable.
The set of all 4-tuples of vectors of R 4 satisfying conditions (3) is denoted by D 3,1 and is called the space of descriptors, or the configuration space of monoatomic 2-lattices. Let Q 4 denote the ten-dimensional vector space of all symmetric 4 by 4 real matrices; in Q 4 consider the nine-dimensional (nonlinear) submanifold Q 3,1 collecting all the 2-lattice metrics K, defined by:
(σ, τ = 1, 2, 3, 4), where the ε σ satisfy conditions (3)- (4) . Some properties of the space Q 3,1 are given in [15] . The 2-lattice metric K is independent of the orientation of a multilattice in A 3 , and owing to the Galilean invariance of the constitutive functions, also Q 3,1 is referred to as the 'configuration space' of 2-lattices.
We notice that certain nonessential descriptors ε σ of monoatomic 2-lattices actually give a 1-lattice in A 3 (see for instance [25, 26] ). Explicitly, in the configuration space D 3,1 the nonessential descriptors are those for which p = 1 2 β a e a + t, where t ∈ L(e a ) and the numbers β a are either (1, 1, 1) or a permutation of (1, 1, 0) or (1, 0, 0).
We confine ourselves to the portions of the configuration spaces of monoatomic 2-lattices that only contain essential descriptors, which generate monoatomic 2-lattices that are not 1-lattices. Explicitly, we consider D ess 3, 1 = (e a , p) ∈ D 3,1 : p = 1 2 β a e a + t, β a as in (6) ⊂ D 3,1 ,
and Q ess 3, 1 = K ∈ Q 3,1 :
For brevity, also the spaces D ess 3, 1 and Q ess 3, 1 are referred to as the 'configuration spaces' of 2-lattices.
The symmetry groups of monoatomic 2-lattices; their action on the configuration spaces
As discussed in [25, 26] (see also Proposition 1 in [15] ), the indeterminacy in the choice of the essential descriptors of a given 2-lattice (up to overall translations) leads to consider the following discrete group of 'global symmetry' (see [24] ): 3
constituted by the unimodular integral 4 by 4 matrices which, by definition, have the following structure: for a, b = 1, 2, 3,
where (m b a ) is any matrix in GL (3, Z) , l b ∈ Z, and α = ±1. The group Γ 3,1 defines an action on D ess 3, 1 :ε
this in turn induces the following action on the space Q ess 3, 1 of (essential) 2-lattice metrics:
Based on these actions, the arithmetic symmetry of monoatomic 2-lattices is studied as the natural generalisation of the classical procedure used in crystallography for 1-lattices; the group Γ 3,1 defined above plays for 2-lattices the same role played for 1-lattices by the arithmetic group GL(3, Z) -see for instance [5, 27, 21, 26] .
The arithmetic classification of 2-lattice symmetry is based on the analysis of the subgroups of Γ 3,1 that act isometrically on some 2-lattice (or, equivalently, that stabilise some 2-lattice metric under the action (12)), and that are maximal for this property.
For any ε σ ∈ D ess 3,1 with metric K ∈ Q ess 3,1 , we define the lattice group Λ(ε σ ):
as the subgroup of all the integral matrices µ ∈ Γ 3,1 such that
As is immediatly checked, the lattice group is necessarily finite and is independent of the orientation of the 2-lattice in A 3 . By (14) , under a change of descriptorsε σ = µ τ σ ε τ for the 2-lattice M(ε σ ) as in (11) , the lattice group transforms as follows:
Formula (15) along with Proposition 1 in [15] say that any given 2-lattice M(ε σ ) determines an entire Γ 3,1 -conjugacy class of lattice groups. Two 2-lattices M and M are defined to be of the same arithmetic type when their lattice groups are Γ 3,1 -conjugate. We also say that two metrics K and K (or two sets of descriptors ε σ and ε σ ) are of the same arithmetic type when their lattice groups are conjugate in Γ 3,1 . This generates a subdivision of Q ess 3, 1 into equivalence classes (the 'strata' of the action (12)), which are called the arithmetic types within Q ess 3, 1 (analogously for D ess 3, 1 , when the orthogonal transformations are also taken into account).
In [15] we have determined all the distinct conjugacy classes of lattice groups in Γ 3,1 , and described the resulting 29 arithmetic symmetry types' of monoatomic 2-lattices in three dimensions. 4 These types are listed in Table  1; 5 Table 2 gives a sketch of their conventional cells.
One main way of obtaining information about the action of Γ 3,1 on the configuration space Q ess 3, 1 is studying the sets of metrics that share the same 4 Similarly, one obtains the classical 14 Bravais types in three dimensions by considering the conjugacy classes of lattice groups ('arithmetic holohedries') within GL(3, Z), which for 1-lattices plays the role that is played by the group Γ3,1 for monoatomic 2-lattices. 5 We recall (see [25, 26] ) that the finite group Λ(εσ) carries more information than the mere point group of M(εσ): indeed, unlike with the latter, given the lattic group Λ(εσ) it is possible to reconstruct uniquely the (isomorphism class of the) space group of M(εσ) -see Proposition 5 in [25] . Furthermore, the arithmetic classification of multilattices is in general finer than their space-group classification. For instance, it can be seen in Table 1 that some arithmetic types share the same space group (like the hexagonal types 26 and 28), although they do not have arithmetically equivalent lattice groups. lattice group. Thus, given any subgroup Λ of Γ 3,1 , we define the fixed set I(Λ) ⊂ Q ess 3, 1 of Λ as follows:
(hereafter we shall always consider Λ to be a lattice group as in (14) , unless otherwise stated). It can be seen that, by its very definition, if considered in the vector space Q 4 rather than in Q ess 3, 1 , the fixed set I(Λ) is a linear subspace which contains as subspaces of strictly smaller dimension the fixed sets of any larger lattice group:
These inclusion relations for the fixed sets are very important in the theory of phase transitions, as they give the symmetry hierarchies and the kinematic possibilities for symmetry breaking in crystal structures. This is precisely what is investigated in this paper in the case of monoatomic 2-lattices. It is not difficult to check that the lattice groups in the same Γ 3,1 -conjugacy class as in (15) have fixed sets that are related through the action (12) :
This means that each one of the 29 arithmetic types in Q ess 3, 1 is given by an 'orbit' of fixed sets as in (18) . Table 1 lists the skeletal metrics and shift vectors, and hence the equations of a representative fixed set, for each arithmetic type in Q ess 3, 1 .
4 The 29 arithmetic types of monoatomic 2-lattices and their symmetry hierarchies
The 29 types (Tables 1 and 2)
In [15] we have described the 29 distinct arithmetic types of monoatomic 2-lattices. They originate from the existence of 29 distinct conjugacy classes of lattice groups in Γ 3,1 . The non-unit generators of a representative lattice group for each such class are given in Table 1 (because all monoatomic 2-lattices are centro-symmetric, −1 is also a generator for the lattice groups in Γ 3,1 , which for brevity is not indicated). Table 2 shows the cells of the 2-lattices corresponding to each class. Notice that given a monoatomic 2-lattice type, a unique arithmetic class in GL(3, Z) remains defined; in turn, the latter determines a unique Bravais type of 1-lattices, which we call the the Bravais type of the given 2-lattice type (roughly, this corresponds to the skeletal type of the 2-lattice 6 ). Tables 1 and 2 list the 2-lattice types grouping them according to their Bravais type. Notice that for each of the latter, there are in general several distinct monoatomic 2-lattice types, depending on how many 'essentially distinct ways' there exist of placing the extra point in the unit Bravais cell. 7 We remark that several, but not all, of the 29 monoatomic 2-lattice types give crystal structures of materials existing in nature: 8 type number 14 corresponds to the so-called 'A20 structures' 9 (such as α-uranium); type 22 corresponds to the 'A5 structures' (for instance, β-tin); type 23 gives the so-called 'bct5 structure' recently proposed for Si (body-centred tetragonal silicon with five-fold coordination, see [4] ); type 24 corresponds to the 'A7 structures' (as in bismuth); number 27, for a special ratio of the hexagonal lattice parameters, gives the h.c.p. structure ('A6'), found in nature in many metals (for generic values of that ratio, which are still compatible with type 27, it gives a 'distorted' h.c.p. structure, which is also often found in nature); finally the only cubic type, number 29, corresponds to the 'diamond structure A4'. 10 Notice that type number 25 has hexagonal Bravais type but trigonal space group lacking a six-fold symmetry operation: this is the only monoatomic 2-lattice type whose crystal class is not holohedral, as all of the other types have holohedral point and lattice groups. Table 1 are subgroups of at least one of the maximal lattice groups indicated above. These group- 7 Notice that, for the centred Bravais types, in Table 2 we represent the non-unit conventional cells, whose several points are connected by suitable 'centring vectors'. 8 It is not surprising that we do not find all the 29 types of monoatomic 2-lattices in nature; the same is true also for the 14 Bravais types of 1-lattices, only a few of which are actually observed, so far, as crystal structures of actual materials. 9 The symbols like A20, etc., refer to the 'Strukturberichte' [28], a widely used empirical catalog of crystal structures. 10 Neither primitive nor body-centered cubic Bravais types are possible for monoatomic 2-lattices.
subgroup relations give a partial ordering for the 29 conjugacy classes of lattice groups, which is represented in the diagram of Fig. 1 . This is the main result of this paper, as it gives the symmetry hierarchies for the 29 monoatomic 2-lattices types (notice that the minimal lattice group is the triclinic group {1,1}, which is contained in all of the other groups, because, as noted earlier, all monoatomic 2-lattices are centro-symmetric). We omit the proof of these inclusion relations, which is somewhat tedious and can be established in several equivalent ways.
Our Fig. 1 is but the generalisation, to monoatomic 2-lattices, of Fig. 4 .2 in [21] , which shows the symmetry hierarchies of the classical 14 Bravais types of 1-lattices (that is, the partial ordering for the 14 conjugacy classes of lattice groups -'Bravais arithmetic classes' -that exist in GL(3, Z)). As each one of the 29 2-lattice types determines a unique Bravais type, one can check that the partial ordering of the latter is reflected in that of the former: see the hierarchies of the 'boxes' in Fig. 1 , which represent the Bravais types of the 2-lattices (as mentioned earlier, two Bravais types are missing from the diagram in that figure) .
The information contained in Fig. 1 is relevant to the modelling of phase transitions in crystals because it shows in how many different ways monoatomic 2-lattices can undergo 'direct' symmetry-breaking process. When a conjugacy class (or symmetry type) is 'higher' than another one in the partial ordering of Fig. 1 , it means that a 2-lattice of the first type can be directly deformed (that is, with a small distortion) into a 2-lattice of the second type. A comparison of Fig. 1 with the cell representations in Table  2 illustrates this: some of the lattice deformations are obvious, other are geometrically less transparent.
We will see in the next Sections how the partial ordering of Fig. 1 can be related to the local structure of the configuration spaces Q ess 3, 1 or D ess
of monoatomic 2-lattices. This link gives complete information about the symmetry-breaking mechanisms that exist for such crystal structures. We summarise some related notions and definitions in the next Section, giving details about two physically interesting examples in the two final Sections (see also [29, 26] for 1-lattices).
Ericksen-Pitteri neighbourhoods

The neighbourhoods
In order to describe the local structure of the configuration spaces Q ess 3, 1 (or D ess 3, 1 ) and to determine the details of the symmetry-breaking mechanisms in monoatomic 2-lattices, we first recall a result showing that the action (12) of the infinite group Γ 3,1 on Q ess 3, 1 reduces, in suitably restricted domains, to the action of the lattice groups (hence of finite groups).
Proposition 5.1 For any metric
See [7, 8, 23, 24] for more details and a proof of this Proposition. A set N (K) with the properties above is called an 'Ericksen-Pitteri (E-P) neighbourhood' of the centre K. As a consequence of the above Proposition, we have that, near K, 'symmetry cannot increase':
As the metrics in N (K) have at most symmetry Λ(K), one needs to study the inclusion relations for the subgroups of Λ(K) that are themselves lattice groups, in order to find which direct symmetry-breaking transitions are possible for a crystal with metric K (see [20] for similar conclusions regarding the space groups, but recall the remarks in footnote 5).
Variants; structure of the neighbourhoods
When a phase transition occurs, with a crystal passing from a configuration with metric K to one nearby with metric K 1 not too far from K (that is, K 1 belonging to some E-P neighbourhood N (K)), the crystal is as likely to access also the configurations whose metrics are in the Λ(K)-orbit of K 1 . We call such orbit, which is all in N (K), a variant structure
The 
The number n of variants is the index of Λ(K 1 ) in Λ(K), and the number m of distinct lattice groups (and thus of fixed sets) corresponding to
The Propositions above give us a way now to describe the local structure of the space Q ess 3, 1 near any metric K, that is, the structure of an E-P neighbourhood N (K). We have seen before that symmetry in N (K) is dictated by the lattice group Λ(K), that in N (K) we can only find metrics that are invariant under subgroups of Λ(K), and that the variants in N (K) are grouped into structures whose lattice groups are all Λ(K)-conjugate.
Therefore it is important to take into account not only the conjugacy class of a lattice group in Γ 3,1 as was done in §4, but also the details of its inclusion relations and conjugacy class within any larger lattice group. The conjugacy classes in Λ(K) determine all the 'essentially distinct' variant structures that can result from symmetry-breaking distortions of a 2-lattice with metric K while remaining in a N (K); in this way one can have a complete description of the distinct 'paths' for symmetry loss that exist for a crystal in the configuration K. This also allows us to describe the structure of the neighbourhood N (K). Again from the Propositions above, we have that N (K), which always contains a non-empty portion of the fixed set I(Λ(K)), for instance K itself, contains a non-empty portion of any fixed set I(Λ ) if and only if Λ is a subgroup of Λ(K). Consequently, when all the lattice (sub)groups and the conjugacy classes in Λ(K) are known, one only needs to determine the corresponding fixed sets through relations (16)- (18), (20)- (21). These describe completely the structure of an E-P neighbourhood of K, when the elements of Q ess 3, 1 that are within a small enough distance from K are considered.
In the final Sections we give examples illustrating this procedure in two physically interesting cases: the neighbourhoods of the diamond structure (metrics of type 29) and the neighbourhoods of the hexagonal close-packed structure (metrics of type 27). Phases of C, Si, Sn (α-tin), for instance, crystallise in diamond-like structures; the h.c.p. structure is found in many metals, such as Ti, Co, Zr, Zn. The analysis presented here can actually be applied to determine the structure of any E-P neighbourhoods in Q ess 3, 1 (or D ess 3, 1 ), and also for more complex multilattices.
Notation
Given a set of descriptors (e 1 , e 2 , e 3 , p) ∈ Q ess 3, 1 , we shall use the following shorthand notation for the symmetry matrices µ belonging to its lattice group (see the definition in (10); see also [10] ):
where:
• In the 'symmetry operations', a rotation is denoted by its period: the exponent '+' or '−' indicates whether the rotation is clock-or counterclock-wise, respectively, while the index indicates the rotation axis, for instance:
c is the four-fold rotation about an axis c
(this follows, in part, the notation in the International Tables for Crystallography [17] ). The rotation axis is given as a combination of three directions a, b, c, which are the conventional axes of the lattice cell. 11
• The matrix −1 (central symmetry) is indicated by1, as is customary in crystallographic usage; thus, in general, an overbar indicates the opposite of a given operation (notice that2 is a mirror symmetry).
• The triple of integers (l 1 l 2 l 3 ) and the scalar α = ±1 are those in formula (10).
The notation used for the lattice groups of the variants contained in an E-P neighbourhood is meant to recall the symmetry properties of the corresponding 2-lattices, as follows:
here, 'type' refers to the arithmetic type number given in Table 1 is the lattice group of a (face-centred orthorhombic) monoatomic 2-lattice of type 17, with three mutually perpendicular two-fold axes along the directions a, b, and c.
For brevity, instead of listing the group elements we often indicate only the generators of the lattice groups: Λ = generator 1, generator 2, generator 3, . . . ;
11 As we will only treat explicitly the cases of a cubic and of an hexagonal centre, we will only consider two choices of the axes a, b, c; in the cubic case they are along the three four-fold axes; in the hexagonal case they are along a typical hexagonal basis, with a and b along hexagon sides on the basal plane and 120 degrees apart, and c perpendicular thereto (parallel to the six-fold axis). Recall, however, that in the matrix µ there actually appears, by definition, the 3 by 3 matrix with integral entries representing the symmetry operation with respect to the selected basis (e 1, e2, e3) , which, in general, does not coincide with the conventional basis giving the axes a, b, c. The conventional cells for the 14 Bravais types are given in the International Tables; they are unit cells for the primitive types, but, for the centred types, they are non-unit cells that exhibit more clearly the lattice symmetry. For instance, the directions a, b, c above are unit-cell axes only for the hexagonal case.
we never indicate the generator1, which, as recalled earlier on, is always present in the lattice groups of monoatomic 2-lattices, as they are all centrosymmetric.
First example: neighbourhoods of a diamond metric (type 29) -Figure 2
Let us consider an element K 29 of type 29 in Q ess 3, 1 : this is the metric of a monoatomic 2-lattice with the diamond structure; for instance, we take K 29 to coincide with the metric given for type 29 in Table 1 , whose lattice group we denote by Λ a,b,c 29 (generators for it are given in the Table) . This group is isomorphic to the cubic holohedry 4/m3 2/m, and has 48 elements; it is characterized by three four-fold operations with axes a, b, c positioned as mentioned in the preceding footnote.
In this Section we describe the structure of the E-P neighbourhoods in Q ess 3, 1 of the diamond metric K 29 . As explained earlier, to this end we must find all the subgroups of Λ a,b,c 29 that are themselves lattice groups; then, the metrics in the neighbourhood of K 29 are those belonging to the the fixed sets of such lattice (sub)groups, and close enough to K 29 . For brevity, in what follows we focus on the subgroups and their conjugacy classes, which give the essential information; their fixed sets then can be obtained routinely by using the conjugation matrices and formulas (16)- (18), (20)- (21), together with the data on 2-lattice metrics contained in Table 1 .
The lattice (sub)groups of Λ a,b,c 29
are not difficult to list, based on the results on 1-lattices given in [29, 26] . Indeed, we mentioned earlier that, as for 1-lattices, also the monoatomic 2-lattice types, except for type 25, all have holohedral lattice groups. As no trigonal lattice group of type 25 is contained in Λ a,b,c 29 , its lattice (sub)groups must all be holohedral; therefore they reproduce the same group-subgroup diagram as for the cubic lattice groups of 1-lattices examined in [29, 26] . Fig. 2 represents this diagram for Λ a,b,c 29 , the details of which are described in the rest of this Section. -and thus, a fortiori, in Γ 3,1 (they are all of type 22). Explicitly, the three tetragonal subgroups are:
Tetragonal subgroups (type 22) -tin pest
where
is conjugated to the group given in Table 1 (for clarity, in these formulas and in the following analogous ones, we indicate the group operation, that is, matrix multiplication, by a '·'). Each one of the above lattice groups is characterised by a four-fold operation with axis along one of the axes a, b, or c, as indicated in their symbols. The symmetry-breaking distortion that produces, from the original diamond 2-lattice of type 29, a tetragonal 2-lattice of type 22, can be determined from the metric matrices and shift vectors indicated explicitly in Table 1 . In this case the deformation is any stretch along a cubic axis, with no extra degrees of freedom for the shift vector, as the latter is confined, in type 22 as well as in type 29, to a specific position in the periodicity cell. This distortion produces a 2-lattice with a metric of type 22 (see Table 1 ) which has 48 ÷ 16 = 3 variants when its Λ
a,b,c
29 -orbit is considered as in formula (20); each variant metric has one of the three lattice groups above.
Tin (Sn) is a material that undergoes a phase transformation between a diamond-like cubic structure to a set of three tetragonal variants as described here. The high-symmetry cubic phase is α-(or gray) tin, stable under about 285 K, the low-symmetry product phase is β-(or white) tin, stable above this temperature. The α-β transition in Sn (which actually takes places well below 285 K) causes the powdering or flaking of tin exposed to low temperatures; this was called 'tin pest' in earlier times, as it badly damaged the organ pipes or roof tiles of North-European churches during cold winters (it seems it also disintegrated the buttons of the uniforms of Napoleon's soldiers in Russia). An E-P neighbourhood of K 29 as considered here is the natural domain for a Λ a,b,c 29 -invariant, temperature-dependent energy function for the α-β transition in tin; its absolute minimizers would be at the centre of the neighbourhood (metric K 29 ) for lower temperatures, and on the three tetragonal variants mentioned above for higher temperatures, with a suitable subcritical (to account for hysteresis) bifurcation connecting these extremal branches (see also footnote 12 on a possible further tin phase).
Rhombohedral subgroups (type 24)
Within Λ a,b,c 29
there is also a (unique) conjugacy class constituted of four rhombohedral lattice groups (type 24, 12 elements each), given by:
and
These lattice groups are isomorphic to the holohedry3 2/m; their ternary axes are, as indicated by their symbols, along the main diagonals of the cubic cell in the diamond structure. The distortions giving these rhombohedral groups are stretches of the diamond structure along such diagonals, with an extra degree of freedom for the shift vector, which in these variants is only restricted to be parallel to the ternary axis. In this case there exist 48 ÷ 12 = 4 variants, each one of which has the lattice group above with the corresponding ternary axis. Their metrics can be obtained in the usual way from the metric and shift vector indicated for type 24 in Table 1 , together with the conjugation matrices above used in formulas (18) and (21).
Orthorhombic subgroups (types 17 and 18)
There are two distinct conjugacy classes of orthorhombic subgroups in the lattice group Λ a,b,c 29 ; correspondingly, there are two orthorhombic variant structures in the E-P neighbourhood of the diamond metric K 29 above. 12 This means that, as for 1-lattices, there are two essentially distinct cubic-toorthorhombic symmetry-breaking mechanisms in this neighbourhood.
Orthorhombic subgroup of type 17
The first class is constituted by a single (face-centred orthorhombic) group of type 17, with 8 elements and three binary axes coinciding with the fourfold axes along the edges of the diamond cubic cell. This group is normal in Λ 
One obtains a 2-lattice with this lattice group by stretching anisotropically the diamond structure along the edges of the cubic cell, and keeping the shift vector in the resulting position; this maintains a 'diamond-like' structure in the 2-lattice, whose skeleton, from cubic, becomes orthorhombic. There are 48 ÷ 8 = 6 variants in this case, all of which share the same lattice group Λ a,b,c 17 above.
12 There also exists an orthorhombic phase of Sn, stable above about 160
• C, which is not well investigated; this form of tin perhaps crystallises in a (monoatomic) 2-lattice of type 17 or 18 as discussed here.
Orthorhombic subgroups of type 18
The other conjugacy class of orthorhombic lattice (sub)groups of Λ a,b,c 29 is constituted by three (body-centred orthorhombic) groups of type 18; the three mutually perpendicular 2-fold axes characterising each group are along the two diagonals of a face in the cubic diamond cell and along the cubic edge perpendicular thereto. Explicilty, these groups are:
and Λ a±c,b 18
Λ b±c,a 18
The lattice distortion that produces these orthorhombic groups is an anisotropic strain along the three two-fold axes mentioned above; correspondingly, the shift vector can have any value of its component along the axis coming from the former cubic side. Again there are 48 ÷ 8 = 6 variants of this type in the E-P neighbourhood of the diamond metric K 29 , which pair-wise share the lattice groups above.
Monoclinic subgroups (types 6 and 7)
Analogously to the orthorhombic case, there exist in Λ a,b,c 29 two conjugacy classes of monoclinic subgroups (all of which have 4 elements); their groups belong to the centred-monoclinic types 6 and 7, respectively.
Monoclinic subgroups of type 7 (cubic edges)
One of the monoclinic classes above is constituted by three monoclinic groups of type 7, each of which has a two-fold axis whose direction is along a cubic edge (four-fold axis) in the diamond structure:
There are 48 ÷ 4 = 12 variants of this type in the E-P neighbourhoods of the diamond metric K 29 ; they share, in four-tuples, the above lattice groups.
Monoclinic subgroups of type 6 (cubic face-diagonals)
The second monoclinic class is constituted by six lattice groups of type 6, whose two-fold axes are along a the face-diagonals of the cubic cell in the diamond structure:
Again there are 48 ÷ 4 = 12 variants of this type in the neighbourhoods, which, in pairs, share the above six lattice groups.
Triclinic subgroup (type 1)
Finally, there is only (one class constitituted by) one triclinic subgroup in Λ a,b,c 29 :
Any triclinic metric, with lattice group Λ 1 , has 48 ÷ 2 = 24 variants in the E-P neighbourhoods of K 29 .
Second example: neighbourhoods of an h.c.p. metric (type 27) -Figure 3
The h.c.p. structure is one of the most important for crystalline materials, and we analyse its E-P neighbourhoods. For definiteness, we take the h.c.p metric in Q ess 3, 1 to be the one, say H 27 , given for type 27 in Table 1 ; we call Λ c 27 its lattice group, which is isomorphic to the hexagonal holohedry 6/m 2/m 2/m and has order 24 (generators of Λ c 27 are given in the  Table) . Here a, b, c are the usual hexagonal axes as mentioned in footnote 11.
Also the lattice (sub)groups of the hexagonal group Λ c 27 are not too difficult to list, based on the results on 1-lattices recalled earlier on. We already mentioned that all monoatomic 2-lattice types, except for type 25, have holohedral lattice groups. Therefore, except for any non-holohedral subgroups of type 25, all the lattice (sub)groups in Λ c 27 are holohedral and must thus reproduce the hexagonal group-subgroup relations indicated in [29, 26] for 1-lattices. To the latter one must in fact add a (non-holohedral) trigonal subgroup of type 25. The diagram of the group-subgroup relations for the lattice (sub)groups of Λ c 27 is as shown in Fig. 3 , to which we make some brief comments in the rest of this Section.
Trigonal subgroup (type 25)
There are two subgroups of Λ c 27 that are isomorphic to the trigonal (or rhombohedral) holohedry3 2/m (12 elements); these groups are both normal in Λ c 27 . One such group is not the lattice group of any monoatomic 2-lattice: therefore we no longer consider it here. The other normal trigonal subgroup, given by:
is indeed a lattice group in Γ 3,1 , belonging to the conjugacy class related to the arithmetic type number 25. The monoatomic 2-lattices that admit this lattice group have hexagonal Bravais lattice, but trigonal space group (P3 2/m 1, see Table 1 ). The lattice distortion producing the lattice group Λ c 25 is one in which the skeletal lattice remains hexagonal and the shift vectors can be changed to have a generic coordinate along the six-fold axis in the h.c.p structure, which for this reason becomes a trigonal axis; due to this change only three two-fold axes persist of the original six existing in the h.c.p, structure. The variants in this case are 2, which share the same lattice group above.
Orthorhombic subgroups (type 14)
There are three orthorhombic subgroups in Λ c 27 , which are all conjugate (they have 8 elements):
These lattice groups belong to (the base-centred orthorhombic) type 14 in Table 1 . Each group admits three mutually orthogonal binary axes among all those belonging to the parent h.c.p. lattice, that is, one parallel to an hexagonal side (direction [100]), a second one to an hexagonal side-axis (direction [120]), and a third one parallel to the optic axis [001] . The variants in this structure are 24÷8 = 3, each one of which has a distinct lattice group. The monoatomic 2-lattices belonging to this arithmetic type have the structure A20 of α-U; an analysis of these variants and their presence in the E-P neighbourhood of an h.c.p. structure was given by [12] (see also the observations about twinning in U by [16] ).
Monoclinic subgroups (types 2, 6 and 7)
In the h.c.p. lattice group Λ c 27 there are 14 two-fold operations, which have, in pairs, opposite sign. This means that there are seven monoclinic subgroups in Λ c 27 , which are all lattice groups in Γ 3,1 . They belong to three distinct conjugacy classes in Λ c 27 .
Monoclinic subgroups of type 6
One of these classes is constituted by three (centred monoclinic) lattice groups of type 6, whose binary axes are along the hexagonal sides of the original h.c.p structure:
In this case there are 24 ÷ 4 = 6 variants, which pair-wise share the above three symmetry groups.
Monoclinic subgroups type 7
The second class is constituted by three (centred monoclinic) lattice groups of type 7:
In this case the binary axes are the side-axes in the basal plane of the h.c.p. structure. The variants are again 6, pair-wise sharing the lattice groups above.
Monoclinic subgroup of type 2
The third class is constituted by a single (normal) subgroup with arithmetic type 2 (primitive monoclinic):
the binary axis here is the six-fold axis in the h.c.p structure. Again there are 6 variants in this structure, which all share the same lattice group.
Triclinic subgroup (type 1)
As for the cubic case, the unique triclinic lattice group Λ 1 = {1,1} is contained in Λ c 27 ; any triclinic metric in the E-P neighbourhood of the h.c.p. metric H 27 has 12 variants. Tables   Table 1 The 29 arithmetic types of monoatomic 2-lattices in three dimensions. The skeletal lattice metric is given for each Bravais type. Each type is determined by the indicated shift vector, whose co-ordinates are given in terms of the conventional axes used in the International Tables (1996) . The generators with α = 1 of the lattice groups are listed, together with the space group symbols and any existing Strukturbericht.
Captions to
Table 2
Representation of the cells of the 29 types of monoatomic 2-lattices in three dimensions. In the centred cases the conventional (non-unit) cells used in the International Tables are shown, rather than the unit cells with two atoms. Bold and thin dashed lines help locating the points of the two congruent 1-lattices constituting the 2-lattice. For types (4) , (22), (23), two equivalent cell configurations are displayed, the last two based on the equivalence of the body-centred and face-centred tetragonal skeletal cells. For ease of representation, cells (16) and (23) only show the atoms on the 'front' faces, while in cells (17) and (29) 'diamond-like' atomic bonds are indicated (in these cells, only thin dashed lines are used for clarity). The Strukturberichte are indicated in Table 1 . Tables (1996) . The generators with α = 1 of the lattice groups are listed, together with the space group symbols and any existing Strukturbericht. (4), (22), (23), two equivalent cell configurations are displayed, the last two based on the equivalence of the body-centred and face-centred tetragonal skeletal cells. For ease of representation, cells (16) and (23) only show the atoms on the 'front' faces, while in cells (17) and (29) 'diamond-like' atomic bonds are indicated (in these cells, only thin dashed lines are used for clarity). The Strukturberichte are indicated in Table 1 . Table 1 Bravais type of skeleton No name bct5 Si Table 2 Bravais type Representation of cells of arithmetic types see Table 1 Base-centred Monoclinic 6 7 8 Primitive Orthorhombic 9 10 11 Base-centred Orthorhombic 12 13 14 15 Face-centred Orthorhombic 16 17 Representation of cells of arithmetic types see Table 1 for numbering Body-centred Orthorhombic 18 19 Primitive Tetragonal 20 21 Body-centred Tetragonal Table 1 . This is for the E-P neighbourhoods of a metric of type 29 diamond structure. The thin slanted lines indicate inclusion for clarity some lines are only partially indicated; the bold horizontal lines indicate the conjugacy classes in a;b;c 29 . The symbols for the subgroups indicate their type numb e r a s i n T ables 1 and 2, and the direction of their main symmetry axes. See Section 6 for details. Table 1 . This is for the E-P neighbourhoods of a metric of type 27 hexagonal close-packed structure. The thin slanted lines indicate inclusion, the bold horizontal lines indicate the conjugacy classes in c 27 . The symbols for the subgroups indicate their type numb e r a s i n T ables 1 and 2, and the direction of their main symmetry axes. See Section 7 for details.
